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TOEPLITZ OPERATORS ON THE WEIGHTED BERGMAN SPACES
YONGJIANG DUAN, KUNYU GUO, SIYU WANG, AND ZIPENG WANG
Abstract. In this paper, we first study Toeplitz operators on a weighted Bergman space
L1
a
(ω) where the weight ω is regular. Using the Carleson measure and T 1-type condition,
we obtain necessary and sufficient conditions of the positive measure µ such that the
Toeplitz operator Tµ,ω is bounded and compact. For the L
1(ω)-integrable function ϕ, a
boundedness criterion of Tϕ,ω is presented by a bump condition. In addition, Toeplitz
operators with positive symbols between weighted harmonic Bergman spaces induced by
regular weights are discussed.
1. Introduction
A weight ω in this paper is a positive integral function on the unit disk D. Let H(D)
be the set of analytic functions on D. For 0 < p < +∞, we denote by Lp(ω) the space of
measurable functions such that
∫
D
|f(z)|pω(z)dA(z) < +∞, where dA is the normalized
area measure. Then the weighted Bergman space is Lpa(ω) = L
p(ω) ∩H(D). A weight ω
is radial if ω(z) = ω(|z|) for each z ∈ D. The radial weights and related Bergman spaces
gain great attentions (see [6], [11], [21], [22], [24] and the references therein). Examples
of radial weights include the standard weights ωt(z) = (1 + t)(1 − |z|2)t,−1 < t < +∞
and the regular weights. A continuous radial weight ω is regular ([24]) if ψω(r) ≍ (1− r)
for 0 ≤ r < 1, where ψω(r) = ω̂(r)ω(r) is the distortion function [30] and ω̂(r) =
∫ 1
r
ω(t)dt.
One natural (but non-trivial) problem on the Bergman space is to find necessary
and sufficient conditions for the boundedness of Toeplitz operators on Lpa(ω). For the
Toeplitz operators with positive symbols, Luecking [16] solved this problem on the un-
weighted Bergman space L2a(ω0). Zhu [37] then extended Luecking’s result to the classical
weighted Bergman spaces on bounded symmetric domains of Cn. Very recently, Pela´ez
and Ra¨ttya¨ studied this question in a more general content, they described the bound-
edness and compactness of Toeplitz operators with positive symbols between weighted
Bergman spaces Lpa(ω) and L
q
a(ω) for 1 < p, q < +∞, where the weights are regular (see
[24, 25, 26, 27, 28, 29]). Our first effort is devoted to studying Toeplitz operators Tµ,ω
on the weighted Bergman space L1a(ω) induced by a regular weight. For a finite positive
Borel measure µ, we define a Toeplitz operator Tµ,ω on a dense subspace of L
2
a(ω)
Tµ,ω(f)(z) =
∫
D
f(ζ)Kωa,z(ζ)dµ(ζ),
where Kωa,z is the reproducing kernel of L
2
a(ω) at z. The measure µ is called the symbol of
Tµ,ω. For t > −1 and a regular weight ω, let Tµ,t = Tµ,ωt and LBt,ω be the set of analytic
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functions such that
‖f‖LBt,ω := |f(0)|+ sup
z∈D
ωt+1(z)
ω(z)
log
2
1− |z|2 |f
′(z)| < +∞.
It is easy to check that LBt,ω is a Banach space under the above norm. For 0 < p, q <∞,
recall a positive Borel measure µ on D is said to be a q-Carleson measure for Lpa(ω) if
there exists a constant C such that ‖f‖Lq(µ) ≤ C‖f‖Lp(ω) for any f ∈ Lpa(ω).
Theorem 1.1. Let µ be a positive Borel measure and ω be a regular weight. Then the
Toeplitz operator Tµ,ω : L
1
a(ω)→ L1a(ω) is bounded if and only if µ is a Carleson measure
for L1a(ω) and there exists a positive constant t0 = t0(ω) such that for each t ≥ t0,
Tµ,t(1) ∈ LBt,ω.
Remark 1.1. A counterpart of Theorem 1.1 for compact Toeplitz operators is stated and
proved as Theorem 2.5.
Remark 1.2. We note that descriptions of bounded and compact Toeplitz operators with
positive symbols on the unweighted Bergman space L1a(ω0) can be found in [1], [33], [35]
and [39].
The boundedness of Toeplitz operator with general symbol remains open on Lpa(ω) (see
[32], [36] and the references therein). Zhu firstly studied this question on the unweighted
Bergman space L1a(ω0) in [38]. In this paper, we present a “bump condition” to obtain
a sufficient condition for the boundedness of Tϕ,ω on the weighted Bergman space L
1
a(ω)
induced by a regular weight. Recall for ϕ ∈ L1(ω), the Toeplitz operator Tϕ,ω on a dense
subspace of L2a(ω) is
Tϕ,ω(f)(z) =
∫
D
f(ζ)Kωa,z(ζ)ϕ(ζ)ω(ζ)dA(ζ).
For z ∈ D and r ∈ (0, 1), denote by B(z, r) = {ζ ∈ D : |z − ζ | < r} the Euclidean disk
and D(z, r) = {ζ ∈ D : ρ(z, ζ) < r} the pseudohyperbolic disk, where ρ(z, ζ) = ∣∣ z−ζ
1−z¯ζ
∣∣.
Theorem 1.2. Let ω be a regular weight and ϕ ∈ L1(ω). If there exist positive constants
ε and r ∈ (0, 1) such that
sup
z∈D
1
ω(D(z, r))1+ε
∫
D(z,r)
|ϕ(ζ)|ω(ζ)dA(ζ) < +∞,
then the Toeplitz operator Tϕ,ω is bounded on L
1
a(ω).
The second part of this paper is to obtain harmonic versions for some works of Pela´ez
and Ra¨ttya¨ in [24, 25, 26, 27, 28, 29], and give sufficient and necessary conditions for
the boundedness and compactness of the Toeplitz operators between different weighted
harmonic Bergman spaces induced by regular weights. For p > 1, the weighted harmonic
Bergman space is Lph(ω) = L
p(ω) ∩ h(D), where h(D) is the set of harmonic functions on
the unit disk D. If the weighted harmonic Bergman space L2h(ω) is a reproducing kernel
Hilbert space with a reproducing kernel Kωh,z, we define the Toeplitz operator associated
with a measure µ acting on bounded harmonic functions by
T hµ,ω(f)(z) =
∫
D
f(ζ)Kωh,z(ζ)dµ(ζ).
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The Berezin transform of T hµ,ω is
T˜ hµ,ω(z) = 〈T hµ,ω(kωh,z), kωh,z〉L2h(ω) =
∫
D
T hµ,ω(k
ω
h,z)(ζ)k
ω
h,z(ζ)ω(ζ)dA(ζ),
where kωh,z is the normalized reproducing kernel of L
2
h(ω).
Theorem 1.3. Let ω be regular and s = pq
|p−q|
for distinct p and q. The Toeplitz operator
T hµ,ω : L
p
h(ω)→ Lqh(ω) is bounded if and only if
• in the case 1 < p < q <∞, there exists a constant C > 0 such that for any z ∈ D,
[T˜ hµ,ω(z)]
s ≤ Cω(z)(1− |z|)2;
• in the case 1 < q < p < ∞, there eixsts r ∈ (0, 1) such that (µ̂r)s ∈ L1(ω), where
µ̂r(z) =
µ(D(z,r))
ω(D(z,r))
.
Moreover, in the case p = q, T hµ,ω : L
p
h(ω) → Lqh(ω) is bounded if and only if the Berezin
transform T˜ hµ,ω ∈ L∞(D).
Remark 1.3. On the harmonic Bergman space L2h(ω0), Miao [20] characterized the bound-
edness and compactness for the Toeplitz operators with positive symbols, similar results
were established on the radially weighted harmonic Bergman spaces over the unit ball
in [14]. For the non-radial case, Wang and Zhao [34] considered the Toeplitz operators
on Moukenhoupt A2-weighted harmonic Bergman spaces L
2
h(ω). For more developments
about Toeplitz operators on harmonic Bergman spaces, one can consult [2],[3],[9],[31] and
the references therein.
Remark 1.4. By the general relations between boundedness and compactness of the
Toeplitz operators with positive symbols, if ω is regular and 1 < p ≤ q < ∞, then the
Toeplitz operator T hµ,ω : L
p
h(ω)→ Lqh(ω) is compact if and only if lim
|z|→1−
T˜hµ,ω(z)
[ω(z)(1−|z|)2]
1
p−
1
q
= 0.
Remark 1.5. By Theorem I.2.7 in [15] and Corollary 2.6 in [19], we conclude that the
boundedness and compactness of T hµ,ω : L
p
h(ω)→ Lqh(ω) are equivalent when 1 < q < p <
∞ and ω is regular.
The rest of this paper is organized as follows. In section 2, we give the proofs of Theorem
1.1 and Theorem 1.2 which characterize the boundedness of Toeplitz operator on L1a(ω).
In this section, we also state and prove Theorem 2.5, which provides a counterpart of
Theorem 1.1 for compact Toeplitz operators. In section 3, first we are devoted to the
kernel estimates and getting some maximum function control results for the harmonic
functions, then we get the Carleson measure characterizations. In section 4, we prove
Theorem 1.3 which characterizes the boundedness of Toeplitz operators between weighted
harmonic Bergman spaces.
In this paper, we will use a . b to represent that there exists a constant C = C(·) > 0
satisfying a ≤ Cb, where the constant C(·) depends on the parameters indicated in the
parenthesis, varying under different circumstances. Moreover, if a . b and b & a, then
we denote by a ≍ b.
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2. Toeplitz operators on L1a(ω)
Given an interval I ⊆ T, the Carleson square is S(I) = {z ∈ D : z
|z|
∈ I, 1− |I| ≤ |z| <
1}, where | · | is the normalized arc measure on T. For each a ∈ D\{0}, we define the
Carleson square S(a) := S(Ia), where Ia = {z ∈ T : | arg(az¯)| ≤ 1−|a|2 }.
Proposition 2.1. [24], [29] Let ω be a regular weight.
(1) For any z ∈ D, let D(z, r) and S(z) be pseudohyperbolic disk and Carleson square.
Then for r ∈ (0, 1), ω(z) ≍ ω(u) for u ∈ D(z, r) and
ω(S(z)) ≍ ω̂(z)(1 − |z|) ≍ ω(z)(1− |z|)2 ≍ ω(D(z, r)).
(2) For each s ∈ [0, 1), there exists a constant C = C(s, ω) > 1 such that
C−1ω(t) ≤ ω(r) ≤ Cω(t), 0 ≤ r ≤ t ≤ r + s(1− r) < 1.(2.1)
(3) There exist constants α = α(ω) > 0 and β = β(ω) ≥ α such that for all 0 ≤ r ≤
t < 1, (
1− r
1− t
)α
ω̂(t) ≤ ω̂(r) ≤
(
1− r
1− t
)β
ω̂(t).(2.2)
The following result is a special case of Theorem 3 in [27], which describes the dual
space of L1a(ω) when the weight ω is regular.
Lemma 2.2. Let ω be a regular weight. Then the dual space of L1a(ω) is the Bloch space
B via L2a-pairing.
Next, we study the necessary conditions for the boundedness of Tµ,ω on L
1
a(ω).
Proposition 2.3. Let µ be a positive Borel measure and ω be regular. If Tµ,ω : L
1
a(ω)→
L1a(ω) is bounded, then µ is a Carleson measure for L
1
a(ω).
Proof. By Lemma 2.2, for any f ∈ L1a(ω) and g ∈ B, we have
|〈Tµ,ω(f), g〉L2(ω)| ≤ ‖Tµ,ω‖‖f‖L1a(ω)‖g‖B <∞.
For z ∈ D, take
fz =
(Kωa,z)
2
‖Kωa,z‖2L2(ω)
and gz =
(Kωa,z)
2
‖Kωa,z‖4L2(ω)
.
By ([29], Theorem C and Lemma 6), we have fz ∈ L1a(ω) and gz ∈ B. From ([29], Theorem
C and Lemma 8), it follows that there exists r = r(ω) ∈ (0, 1) such that for any z ∈ D,
〈Tµ,ω(fz), gz〉L2(ω) = 〈fz, gz〉L2(µ) =
∫
D
|Kωa,z(ζ)|4
‖Kωa,z‖6L2(ω)
dµ(ζ) & ω(D(z, r))3
∫
D(z,r)
|Kωa,z(ζ)|4dµ(ζ)
≍ ω(D(z, r))3µ(D(z, r))(Kωa,z(z))4 ≍
µ(D(z, r))
ω(D(z, r))
.
Thus we complete the proof. 
Before stating the next proposition, recall a sequence {zj}∞j=1 ⊆ D is called δ-separated
(δ > 0) if ρ(zj , zk) ≥ δ when j 6= k. For r ∈ (0, 1), we call a sequence {zj}∞j=1 is an
r-lattice if {zj}∞j=1 satisfies D =
∞⋃
j=1
D(zj, 5r) and
r
5
−separated. We will frequently use
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the fact that every z ∈ D belongs to at most N = N(r) pseudohyperbolic disks D(zj, r),
where {zj}∞j=1 is a separated sequence (see Lemma 12 of Chapter 2 in [4] or Lemma 3 in
[18]).
Proposition 2.4. Let µ be a positive Borel measure and ω be a regular weight. If Tµ,ω :
L1a(ω) → L1a(ω) is bounded, then there exists a positive constant t0 = t0(ω) such that for
each t ≥ t0, Tµ,t(1) ∈ LBt,ω.
Proof. Since ω is regular, there exist positive constants C1 and C2 depending only on ω
such that
C1ω(r)(1− r) ≤ ω̂(r) ≤ C2ω(r)(1− r), r ∈ [0, 1).
Note that hC(r) =
ω̂(r)
(1−r)
1
C
is increasing in r ∈ [0, 1) for each C ∈ (0, C1), we have
hC(r) ≥ hC(0) = ω̂(0), and ω̂(r) ≥ ω̂(0)(1− r) 1C for r ∈ [0, 1). Therefore,
(2.3) ω(r) ≥ ω̂(0)
C2
(1− r) 1C−1, r ∈ [0, 1).
Take c ∈ (0, 1) such that 1− c < 1
C2
and ν(z) = ω(z)
(1−|z|)1−c
is regular. By Lemma A in [29],
choose C sufficiently small and let t0 =
1
C
− 1 > 0, then for each t ≥ t0, we have
(2.4)
∫
D
ν(z)
|1− z¯ζ |t+2c+1dA(z) ≍
ν̂(ζ)
(1− |ζ |)2c+t , ζ ∈ D
and
(2.5)
∫
D
ω(z)
|1− z¯ζ |t+2dA(z) ≍
ω̂(ζ)
(1− |ζ |)t+1 , ζ ∈ D.
Let ωt+1(ζ) = (t+ 2)(1− |ζ |2)t+1. For z ∈ D, let
hz(ζ) ,
ωt+1(z)
ω(z)
1
(1− ζz¯)t+3 , ζ ∈ D.
It is easy to see that ‖hz‖L1a(ω) ≍ 1. Moreover, for any g ∈ B, we have
|〈Tµ,ω(hz), g〉L2(ω)| =
∣∣∣∣
∫
D
(∫
D
ωt+1(z)
ω(z)(1− uz¯)t+3K
ω
a,ζ(u)dµ(u)
)
g(ζ)ω(ζ)dA(ζ)
∣∣∣∣
=
ωt+1(z)
ω(z)
∣∣∣∣
∫
D
1
(1− uz¯)t+3
∫
D
g(ζ)Kωa,u(ζ)ω(ζ)dA(ζ)dµ(u)
∣∣∣∣
=
ωt+1(z)
ω(z)
∣∣∣∣
∫
D
g(u)
(1− uz¯)t+3dµ(u)
∣∣∣∣ . ‖g‖B.(2.6)
For a fixed r ∈ (0, 1), consider an r-lattice {ξj}∞j=1, we rearrange the sequence {ξj}∞j=1
such that |ξ1| ≤ |ξ2| ≤ · · · → 1−. Take a positive integer N such thatD(ξj, 5r) ⊆ {u : 34 ≤|u| < 1} for any j > N . Let r˜ ∈ (0, 1) be the constant such that
(2.7)
N⋃
j=1
D(ξj, 5r) ⊆ D(0, r˜).
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By the property of subharmonicity and Proposition 2.1, for any z ∈ D and j > N ,
sup
u∈D(ξj ,5r)
(1− |u|2)c−1
|1− z¯u|2c+t+1 ≤ supu∈D(ξj ,5r)
(1− |u|2)c−1
( r(1−|u|
2)
2(1+r)
)2
∫
B(u, r(1−|u|
2)
2(1+r)
)
1
|1− z¯ζ |2c+t+1dA(ζ)
. sup
u∈D(ξj ,5r)
(1− |u|2)c−1
ω(u)( r(1−|u|
2)
2(1+r)
)2
∫
D(u,r)
1
|1− z¯ζ |2c+t+1ω(ζ)dA(ζ)
≍ sup
u∈D(ξj ,5r)
1
ω(D(u, r))
∫
D(u,r)
(1− |ζ |2)c−1
|1− z¯ζ |2c+t+1ω(ζ)dA(ζ)
.
1
ω(D(ξj, 5r))
∫
D(ξj ,6r)
(1− |ζ |2)c−1
|1− z¯ζ |2c+t+1ω(ζ)dA(ζ).(2.8)
For any g ∈ B, it follows from Theorem 5.8 in [41] or Proposition 2.4 in [33] that there
exists a constant C such that for any distinct points z and u
(2.9)
(1− |z|2)1−c(1− |u|2)1−c|g(z)− g(u)|
|z − u||1− u¯z|1−2c ≤ C‖g‖B.
Let
(2.10) Î(z) =
ωt+1(z)
ω(z)
∫
D
|g(z)− g(u)|
|1− u¯z|t+3 dµ(u).
By (2.3), (2.7), (2.8), (2.9) and (2.10), we have
Î(z) =
ωt+1(z)
ω(z)(1− |z|2)1−c
∫
D
(1− |z|2)1−c(1− |u|2)1−c|g(z)− g(u)|
|z − u||1− u¯z|1−2c
|z − u||1− u¯z|1−2c
(1− |u|2)1−c
1
|1− u¯z|t+3dµ(u)
.‖g‖B ωt+1(z)
ω(z)(1− |z|2)1−c
∫
D
|z − u|
|1− z¯u|
(1− |u|2)c−1
|1− z¯u|2c+t+1dµ(u)
<‖g‖B ωt+1(z)
ω(z)(1− |z|2)1−c
( N∑
j=1
∫
D(ξj ,5r)
(1− |u|2)c−1
|1− z¯u|2c+t+1dµ(u) +
∞∑
j=N+1
∫
D(ξj ,5r)
(1− |u|2)c−1
|1− z¯u|2c+t+1dµ(u)
)
.‖g‖B ωt+1(z)
(1− |z|2) 1C−1(1− |z|2)1−c
N∑
j=1
∫
D(ξj ,5r)
(1− |u|2)c−1
(1− |u|2)2c+t+1dµ(u)
+‖g‖B ωt+1(z)
ω(z)(1− |z|2)1−c
∞∑
j=N+1
∫
D(ξj ,5r)
(1− |u|2)c−1
|1− z¯u|2c+t+1dµ(u)
≤(t + 2)‖g‖B(1− |z|2)t+1− 1C+c
∫
D(0,r˜)
1
(1− |u|2)c+t+2dµ(u)
+‖g‖B ωt+1(z)
ω(z)(1− |z|2)1−c
∞∑
j=N+1
µ(D(ξj, 5r)) sup
u∈D(ξj ,5r)
(1− |u|2)c−1
|1− z¯u|2c+t+1
.‖g‖B µ(D(0, r˜))
(1− r˜2)c+t+2 + ‖g‖B
ωt+1(z)
ω(z)(1− |z|2)1−c
∞∑
j=N+1
µ(D(ξj, 5r))
ω(D(ξj, 5r))
∫
D(ξj ,6r)
(1− |u|2)c−1
|1− z¯u|2c+t+1ω(u)dA(u).
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From Proposition 2.3, µ is a Carleson measure for L1a(ω). By (2.4),
Î(z) .‖g‖B µ(D(0, r˜))
(1− r˜2)c+t+2 + ‖g‖B
ωt+1(z)
ω(z)(1− |z|2)1−c
∞∑
j=N+1
∫
D(ξj ,6r)
(1− |u|2)c−1
|1− z¯u|2c+t+1ω(u)dA(u)
.‖g‖B µ(D(0, r˜))
(1− r˜2)c+t+2 + ‖g‖B
ωt+1(z)
ω(z)(1− |z|2)1−c
∫
D
ν(u)
|1− z¯u|2c+t+1dA(u)
≍‖g‖B µ(D(0, r˜))
(1− r˜2)c+t+2 + ‖g‖B
ωt+1(z)
ω(z)(1− |z|2)1−c
ν̂(z)
(1− |z|)2c+t .
Observe that ν is regular, direct computations show that
(2.11) sup
z∈D
ωt+1(z)
ω(z)(1− |z|2)1−c
ν̂(z)
(1− |z|)2c+t < +∞.
Therefore, we have
(2.12) Î(z) . ‖g‖B.
Notice that
(2.13)
ωt+1(z)
ω(z)
g(z)Tµ,t+1(1)(z) = 〈Tµ,ω(hz), g〉L2(ω) + ωt+1(z)
ω(z)
∫
D
g(z)− g(u)
(1− uz¯)t+3 dµ(u).
Together with (2.6) and (2.12), we conclude that for any g ∈ B and z ∈ D,
(2.14)
ωt+1(z)
ω(z)
|g(z)Tµ,t+1(1)(z)| . ‖g‖B.
Without loss of generality, assume that g(0) = 0. Take the supremum over all g ∈ B with
‖g‖B ≤ 1, by Theorem 3.9 in [40] and (2.14), we have
(2.15)
ωt+1(z)
ω(z)
log
2
1− |z|2 |Tµ,t+1(1)(z)| . 1.
Since µ is a L1a(ω)-Carleson measure, from (2.5), for any z ∈ D, we obtain
ωt+1(z)
ω(z)
log
2
1− |z|2 |Tµ,t(1)(z)| =
ωt+1(z)
ω(z)
log
2
1− |z|2
∣∣ ∫
D
1
(1− u¯z)t+2 dµ(u)
∣∣
.
ωt+1(z)
ω(z)
log
2
1− |z|2
∫
D
ω(u)
|1− z¯u|t+2dA(u)
≍ωt+1(z)
ω(z)
log
2
1− |z|2
ω̂(z)
(1− |z|)t+1
.1.(2.16)
Notice that
(2.17) (t + 2)Tµ,t+1(1)(z) = (t+ 2)Tµ,t(1)(z) + z(Tµ,t(1))
′(z).
Combining (2.15), (2.16) with (2.17), we obtain Tµ,t(1) ∈ LBt,ω, which completes the
proof. 
Now we are ready to prove Theorem 1.1.
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Proof of Theorem 1.1. The necessity of the proof follows from Proposition 2.3 and Propo-
sition 2.4. Then we prove the sufficiency part. With the same arguments as the proof
in Proposition 2.4, we choose c ∈ (0, 1) such that ν(z) = ω(z)
(1−|z|)1−c
is regular. By the
hypothesis, there exists t0 > 0 such that for each t ≥ t0, Tµ,t(1) ∈ LBt,ω holds. Moreover,
from Lemma A in [29], take C sufficiently small and let
t
′
0 = max{C−1 − 1, t0}.
Then for any t ≥ t′0, we have
(2.18)
∫
D
ν(z)
|1− z¯ζ |t+1+2cdA(z) ≍
ν̂(ζ)
(1− |ζ |)t+2c , ζ ∈ D
and
(2.19)
∫
D
ω(z)
|1− z¯ζ |t+2dA(z) ≍
ω̂(ζ)
(1− |ζ |)t+1 , ζ ∈ D.
Let ωt+1(ζ) = (t + 2)(1 − |ζ |2)t+1 and Pωt+1 be the orthogonal projection from L2(ωt+1)
to the weighted Bergman space L2a(ωt+1). From Lemma 2.2, we know the dual space of
L1a(ω) is the Bloch space B via L2a-pairing. Then for any f ∈ L1a(ω) and g ∈ B, we have
〈Tµ,ω(f), g〉L2(ω) =
∫
D
f(z)g(z)dµ(z)
=
∫
D
Pωt+1(f g¯)(z)dµ(z)︸ ︷︷ ︸
I1
+
[∫
D
(f g¯)(z)dµ(z)−
∫
D
Pωt+1(f g¯)(z)dµ(z)
]
︸ ︷︷ ︸
I2
.
Let Kωt+1a,z be the reproducing kernel of L
2
a(ωt+1). Then
(2.20) |I1| ≤
∫
D
|f(ζ)|ω(ζ) ωt+1(ζ)
ω(ζ)
|g(ζ)|∣∣ ∫
D
Kωt+1a,z (ζ)dµ(z)
∣∣
︸ ︷︷ ︸
I˜(ζ)
dA(ζ).
Let
(2.21) I˜(ζ) =
ωt+1(ζ)
ω(ζ)
|g(ζ)|
∣∣∣∣
∫
D
1− z¯ζ
(1− z¯ζ)t+3dµ(z) +
∫
D
z¯ζ
(1− z¯ζ)t+3dµ(z)
∣∣∣∣.
Since Tµ,t(1) ∈ LBt,ω and µ is a L1a(ω)-Carleson measure, by Lemma 2.1 in [33] and (2.19),
it holds that
I˜(ζ) . |g(ζ)|ωt+1(ζ)
ω(ζ)
∫
D
ω(z)
|1− zζ¯ |t+2dA(z) + |g(ζ)|
ωt+1(ζ)
ω(ζ)
|Tµ,t(1)′(ζ)|
. log
2
1− |ζ |2‖g‖B
ωt+1(ζ)
ω(ζ)
ω̂(ζ)
(1− |ζ |)t+1 + log
2
1− |ζ |2‖g‖B
ωt+1(ζ)
ω(ζ)
|Tµ,t(1)′(ζ)|
. ‖g‖B + ‖g‖B‖Tµ,t(1)‖LBt,ω . ‖g‖B.
It follows that
(2.22) |I1| . ‖f‖L1a(ω)‖g‖B.
Observe that
Kωt+1a,z (ζ) =
1
(1− z¯ζ)t+3 , ζ ∈ D,
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we have
|I2| ≤
∫
D
|f(ζ)|ω(ζ)ωt+1(ζ)
ω(ζ)
∫
D
|g(z)− g(ζ)||Kωt+1a,z (ζ)|dµ(z)dA(ζ)
=
∫
D
|f(ζ)|ω(ζ) ωt+1(ζ)
ω(ζ)
∫
D
|g(z)− g(ζ)|
|1− z¯ζ |t+3 dµ(z)︸ ︷︷ ︸
I(ζ)
dA(ζ).(2.23)
Recall the definition of Iˆ(z) (2.10) in the proof of Proposition 2.4, we have I(ζ) = Iˆ(ζ).
Since µ is L1a(ω)-Carleson measure, it follows from (2.12) that I(ζ) . ‖g‖B. Thus
(2.24) |I2| . ‖f‖L1a(ω)‖g‖B.
By (2.22) and (2.24), we have Tµ,ω is bounded on L
1
a(ω), which completes the whole
proof. 
In what follows we study the compact Toeplitz operators on L1a(ω). It shall be not sur-
prising that the statements and proofs follow from suitable “vanishing”-type modifications
of the ones in Theorem 1.1.
Recall that µ is a vanishing Carleson measure for L1a(ω) if Id : L
1
a(ω) → L1(µ) is
compact. For t > −1 and a regular weight ω, let LBt,ω0 be the Banach space of analytic
functions such that
lim
|z|→1−
ωt+1(z)
ω(z)
log
2
1− |z|2 |f
′(z)| = 0.
Theorem 2.5. Let µ be a positive Borel measure and ω be a regular weight. Then the
Toeplitz operator Tµ,ω : L
1
a(ω)→ L1a(ω) is compact if and only if µ is a vanishing Carleson
measure for L1a(ω) and there exists a positive constant t0 = t0(ω) such that for each t ≥ t0,
Tµ,t(1) ∈ LBt,ω0 .
Proof of Theorem 2.5. Necessity. Take the same testing functions as the proof of Propo-
sition 2.3. Observe that {fz} converges uniformly to 0 on any compact subsets of D as
|z| → 1−, then Tµ,ω is compact on L1a(ω) implies that µ is a vanishing Carleson measure
for L1a(ω).
Let t0 > 0 be the one in Proposition 2.4. For t ≥ t0 and z ∈ D, consider ωt+1(ζ) =
(t + 2)(1− |ζ |2)t+1 and
hz(ζ) ,
ωt+1(z)
ω(z)
1
(1− ζz¯)t+3 , ζ ∈ D.
Note that ‖hz‖L1a(ω) ≍ 1, {hz} converges uniformly to 0 on any compact subsets of D as z
approaches to T and Tµ,ω is compact, we have lim
|z|→1−
‖Tµ,ω(hz)‖L1a(ω) = 0. For any g ∈ B,
it follows that
|〈Tµ,ω(hz), g〉L2(ω)| ≤ ‖Tµ,ω(hz)‖L1a(ω)‖g‖B → 0(2.25)
as |z| → 1−. For a fixed r ∈ (0, 1), consider an r-lattice {ξj}∞j=1. We rearrange the
sequence {ξj}∞j=1 such that |ξ1| ≤ |ξ2| ≤ · · · → 1−. Note that µ is a vanishing Carleson
measure for L1a(ω), then for any ε > 0, there exists k ∈ N such that for any j > k
µ(D(ξj, 5r))
ω(D(ξj, 5r))
< ε.(2.26)
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Notice that there exists δ ∈ (0, 1) such that
D\δD ⊆
∞⋃
j=k+1
D(ξj, 5r).(2.27)
Let Î(z), C and c be the same as in Proposition 2.4. From (2.3), (2.4), (2.8), (2.9), (2.10),
(2.26) and (2.27),
Î(z) .‖g‖B ωt+1(z)
ω(z)(1− |z|2)1−c
(∫
δD
(1− |u|2)c−1
|1− z¯u|2c+t+1dµ(u) +
∫
D\δD
(1− |u|2)c−1
|1− z¯u|2c+t+1dµ(u)
)
≤‖g‖B ωt+1(z)
ω(z)(1− |z|2)1−c
(∫
δD
(1− |u|2)c−1
|1− z¯u|2c+t+1dµ(u) +
∞∑
j=k+1
µ(D(ξj, 5r)) sup
u∈D(ξj,5r)
(1− |u|2)c−1
|1− z¯u|2c+t+1
)
.‖g‖B (1− |z|
2)t+c
ω(z)
(∫
δD
(1− |u|2)c−1
|1− z¯u|2c+t+1dµ(u) +
∞∑
j=k+1
µ(D(ξj, 5r))
ω(D(ξj, 5r))
∫
D(ξj ,6r)
(1− |u|2)c−1
|1− z¯u|2c+t+1ω(u)dA(u)
)
.‖g‖B (1− |z|
2)t+c
(1− |z|2) 1C−1
µ(δD)
(1− δ)c+t+2 + ε‖g‖B
(1− |z|2)t+c
ω(z)
∫
D
(1− |u|2)c−1
|1− z¯u|2c+t+1ω(u)dA(u)
≍‖g‖B(1− |z|)t+1+c− 1C µ(δD)
(1− δ)c+t+2 + ε‖g‖B.
Hence
Î(z) . ε‖g‖B, for |z| ≥ 1− ε
1
t+1+c− 1
C .(2.28)
Together with (2.6), (2.13), (2.25) and Theorem 3.9 in [40], we obtain
lim
|z|→1−
ωt+1(z)
ω(z)
log
2
1− |z|2 |Tµ,t+1(1)(z)| = 0.(2.29)
By (2.16), we know
lim
|z|→1−
ωt+1(z)
ω(z)
log
2
1− |z|2 |Tµ,t(1)(z)| = 0.(2.30)
Combining (2.17), (2.29) with (2.30), it follows that Tµ,t(1) ∈ LBt,ω0 .
Sufficiency. From the hypothesis, we know there exists t0 > 0 such that for each t ≥ t0,
Tµ,t(1) ∈ LBt,ω0 holds. Let t′0 = max{C−1 − 1, t0}. Then (2.4) and (2.5) also hold. Let
{fj}∞j=1 be a sequence in L1a(ω) such that ‖fj‖L1a(ω) ≤ 1 and fj uniformly converges to 0
on any compact subsets of D. From Lemma 2.2, for any g ∈ B, we have
〈Tµ,ω(fj), g〉L2(ω) =
∫
D
fj(z)g(z)dµ(z)
=
∫
D
Pωt+1(fj g¯)(z)dµ(z)︸ ︷︷ ︸
I1,j
+
[∫
D
(fj g¯)(z)dµ(z)−
∫
D
Pωt+1(fj g¯)(z)dµ(z)
]
︸ ︷︷ ︸
I2,j
.
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From Lemma 2.1 in [33], (2.20) and (2.21), it yields that
lim
j→∞
|I1,j| .‖g‖B lim
j→∞
∫
D
|fj(ζ)|ω(ζ)ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2
∫
D
1
|1− z¯ζ |t+2dµ(z)dA(ζ)
+‖g‖B lim
j→∞
∫
D
|fj(ζ)|ω(ζ)ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2 |Tµ,t(1)
′
(ζ)|dA(ζ)
,‖g‖B lim
j→∞
(I11,j + I
2
1,j).(2.31)
Since µ is a vanishing Carleson measure for L1a(ω), (2.16) and Tµ,t(1) ∈ LBt,ω0 , then for
any ε > 0, there exists λ ∈ (0, 1) such that for any |ζ | ∈ [λ, 1)
ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2
∫
D
1
|1− z¯ζ |t+2dµ(z) < ε
and
ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2 |Tµ,t(1)
′
(ζ)| < ε.
There also exists k0 ∈ N such that for any j > k0, |fj| < ε on λD. Together with (2.16),
for any j > k0
I11,j =
∫
λD
|fj(ζ)|ω(ζ)ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2
∫
D
1
|1− z¯ζ |t+2dµ(z)dA(ζ)
+
∫
D\λD
|fj(ζ)|ω(ζ)ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2
∫
D
1
|1− z¯ζ |t+2dµ(z)dA(ζ)
≤εω(λD) sup
ζ∈λD
(
ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2
∫
D
1
|1− z¯ζ |t+2dµ(z)
)
+ ε‖fj‖L1a(ω) . ε(2.32)
and
I21,j =
∫
λD
|fj(ζ)|ω(ζ)ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2 |Tµ,t(1)
′
(ζ)|dA(ζ)
+
∫
D\λD
|fj(ζ)|ω(ζ)ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2 |Tµ,t(1)
′
(ζ)|dA(ζ)
≤εω(λD) sup
ζ∈λD
(
ωt+1(ζ)
ω(ζ)
log
2
1− |ζ |2 |Tµ,t(1)
′
(ζ)|
)
+ ε‖fj‖L1a(ω) . ε.(2.33)
Combining (2.31), (2.32) with (2.33), it follows that
(2.34) |I1,j| . ε‖g‖B, for j > k0.
From (2.9) and (2.23), we have
lim
j→∞
|I2,j| .‖g‖B lim
j→∞
∫
D
|fj(ζ)|ω(ζ) ωt+1(ζ)
ω(ζ)(1− |ζ |2)1−c
∫
δD
(1− |u|2)c−1
|1− ζ¯u|2c+t+1dµ(u)dA(ζ)
+‖g‖B lim
j→∞
∫
D
|fj(ζ)|ω(ζ) ωt+1(ζ)
ω(ζ)(1− |ζ |2)1−c
∫
D\δD
(1− |u|2)c−1
|1− ζ¯u|2c+t+1dµ(u)dA(ζ)
,‖g‖B lim
j→∞
(I12,j + I
2
2,j).(2.35)
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Note that there exists η ∈ (0, 1) such that for any |ζ | ∈ [η, 1)
(1− |ζ |)t+1+c− 1C < ε
and there also exists k
′
0 ∈ N such that for any j > k′0, |fj | < ε on ηD. By (2.3), it follows
that
I12,j =
∫
ηD
|fj(ζ)|ω(ζ) ωt+1(ζ)
ω(ζ)(1− |ζ |2)1−c
∫
δD
(1− |u|2)c−1
|1− ζ¯u|2c+t+1dµ(u)dA(ζ)
+
∫
D\ηD
|fj(ζ)|ω(ζ) ωt+1(ζ)
ω(ζ)(1− |ζ |2)1−c
∫
δD
(1− |u|2)c−1
|1− ζ¯u|2c+t+1dµ(u)dA(ζ)
.εω(ηD) sup
ζ∈ηD
(
ωt+1(ζ)
ω(ζ)(1− |ζ |2)1−c
∫
δD
(1− |u|2)c−1
|1− ζ¯u|2c+t+1dµ(u)
)
+
∫
D\ηD
|fj(ζ)|ω(ζ) ωt+1(ζ)
(1− |ζ |2) 1C−c
µ(δD)
(1− δ)c+t+2dA(ζ)
.ε+ ε‖fj‖L1a(ω) . ε.(2.36)
Since µ is a vanishing Carleson measure for L1a(ω), then (2.26) and (2.27) hold. Together
with the proof of (2.12) and (2.28), we obtain
I22,j =
∫
ηD
|fj(ζ)|ω(ζ) ωt+1(ζ)
ω(ζ)(1− |ζ |2)1−c
∫
D\δD
(1− |u|2)c−1
|1− ζ¯u|2c+t+1dµ(u)dA(ζ)
+
∫
D\ηD
|fj(ζ)|ω(ζ) ωt+1(ζ)
ω(ζ)(1− |ζ |2)1−c
∫
D\δD
(1− |u|2)c−1
|1− ζ¯u|2c+t+1dµ(u)dA(ζ)
.εω(ηD) sup
ζ∈ηD
(
ωt+1(ζ)
ω(ζ)(1− |ζ |2)1−c
∫
D\δD
(1− |u|2)c−1
|1− ζ¯u|2c+t+1dµ(u)
)
+ ε‖fj‖L1a(ω) . ε.(2.37)
Combining (2.35), (2.36) with (2.37), it follows that
(2.38) |I2,j| . ε‖g‖B, for j > k′0.
By (2.34) and (2.38), it yields that Tµ,ω is compact on L
1
a(ω), which completes the whole
proof. 
Next, we turn to the boundedness of Tϕ,ω on L
1
a(ω), and start with a weighted version
of a result of Zhu [38, Proposition 12].
Proposition 2.6. Let ω be a regular weight and ϕ ∈ L1(ω). If there exists r ∈ (0, 1) such
that
sup
z∈D
ln 1
1−|z|
ω(D(z, r))
∫
D(z,r)
|ϕ(ζ)|ω(ζ)dA(ζ) < +∞,
then the Toeplitz operator Tϕ,ω is bounded on L
1
a(ω).
Proof. Assume that ω is regular and ϕ ∈ L1(ω). If there exists r ∈ (0, 1) such that
sup
z∈D
1
ω(D(z, r))
∫
D(z,r)
|ϕ(ζ)| ln 1
1− |ζ |ω(ζ)dA(ζ) < +∞,
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then dµ(ζ) = |ϕ(ζ)| ln 1
1−|ζ|
ω(ζ)dA(ζ) is a L1a(ω)-Carleson measure. By Theorem C of
[29], there exists r˜ ∈ (0, 1) such that for any z with |z| ∈ [r˜, 1),
‖Kωa,z‖L1a(ω) ≍ ln
1
1− |z| .
Therefore, for f ∈ L1a(ω), we get
‖Tϕ,ω(f)‖L1a(ω) ≤
∫
D
∫
D
|f(z)ϕ(z)Kωa,ζ(z)|ω(z)dA(z)ω(ζ)dA(ζ)
=
∫
D
|f(z)ϕ(z)|
∫
D
|Kωa,z(ζ)|ω(ζ)dA(ζ)ω(z)dA(z)
=
∫
D(0,r˜)
|f(z)ϕ(z)|‖Kωa,z‖L1a(ω)ω(z)dA(z)
+
∫
D\D(0,r˜)
|f(z)ϕ(z)|‖Kωa,z‖L1a(ω)ω(z)dA(z)
. sup
z∈D(0,r˜)
(‖Kωa,z‖L1a(ω)|f(z)|)
∫
D(0,r˜)
|ϕ(z)|ω(z)dA(z)
+
∫
D\D(0,r˜)
|f(z)ϕ(z)| ln 1
1− |z|ω(z)dA(z)
. ‖f‖L1a(ω) +
∫
D
|f(z)ϕ(z)| ln 1
1− |z|ω(z)dA(z)
. ‖f‖L1a(ω),
where the last second inequality is due to Lemma 2.5 in [24]. It follows that Tϕ,ω : L
1
a(ω)→
L1a(ω) is bounded. 
Now, we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Suppose that there exist constants ε > 0 and r ∈ (0, 1) such that
sup
z∈D
1
ω(D(z, r))1+ε
∫
D(z,r)
|ϕ(ζ)|ω(ζ)dA(ζ) < +∞.
Since ω is regular, there exist positive constants C1 and C2 which only depend on ω such
that for r ∈ [0, 1)
C1ω(r)(1− r) ≤ ω̂(r) ≤ C2ω(r)(1− r).
By a similar argument as (2.3), there exist positive constants C3 and C4 such that
C3(1− r)
1
C1
−1 ≤ ω(r) ≤ C4(1− r)
1
C2
−1
(2.39)
for r ∈ [0, 1). Moreover, for any z ∈ D and t ∈ (0,∞), we have
ln
1
1− |z| ≤
1
t
(1− |z|)−t.(2.40)
Let
I = sup
z∈D
ln 1
1−|z|
ω(D(z, r))
∫
D(z,r)
|ϕ(ζ)|ω(ζ)dA(ζ).
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Then from Proposition 2.1, (2.39) and(2.40), there exists a positive constant C5 such that
I ≤ C2
ε(1 + C2)
sup
z∈D
1
(1− |z|)ε+ εC2 ω(D(z, r))
∫
D(z,r)
|ϕ(ζ)|ω(ζ)dA(ζ)
≤ C2C
ε
4
ε(1 + C2)
sup
z∈D
1
ω(z)ε(1− |z|)2εω(D(z, r))
∫
D(z,r)
|ϕ(ζ)|ω(ζ)dA(ζ)
≤ C5 sup
z∈D
1
ω(D(z, r))1+ε
∫
D(z,r)
|ϕ(ζ)|ω(ζ)dA(ζ)
< +∞.
The conclusion then follows from Proposition 2.6. 
3. Carleson measures and reproducing kernel estimates on Lph(ω)
If ω is regular, then L2a(ω) is a reproducing kernel Hilbert space. So is the weighted
harmonic Bergman space L2h(ω). Let K
ω
h,z be the reproducing kernel at z.
Proposition 3.1. Let 1 < p <∞ and ω be regular. For each z ∈ D, then
(3.41) ‖Kωh,z‖pLph(ω) ≍
1
ω(S(z))p−1
.
Proof. LetKωa,z be the reproducing kernel of the (analytic) weighted Bergman space L
2
a(ω).
Then for each ζ ∈ D, we have
(3.42) Kωh,z(ζ) = 2ReK
ω
a,z(ζ)−
1
ω(D)
,
and the upper estimate of (3.41) follows from Theorem C in [29]. For each r ∈ (0, 1), let
Mpp (r,K
ω
h,|z|) =
1
2pi
∫ 2pi
0
|Kωh,|z|(reiθ)|pdθ.
Then
‖Kωh,z‖pLph(ω) = 2
∫ 1
0
Mpp (r,K
ω
h,|z|)ω(r)rdr &
∫ 1
0
Mpp (r,K
ω
h,|z|)ω(r)dr &
∫ 1
0
Mpp (r,K
ω
a,|z|)ω(r)dr.
Here the last inequality is due to the M. Riesz Theorem (see [10] or Theorem 4.1 in [5]).
By Theorem 4 in [23], the proof of Theorem 1 in [26] and Proposition 2.1, we have
‖Kωh,z‖pLph(ω) &
∫ |z|
0
dt
ω̂(t)p−1(1− t)p ≍
1
ω(S(z))p−1
, |z| → 1−.
Then the conclusion follows immediately. 
Proposition 3.2. If ω is regular, then there exist C = C(ω) > 0 and δ = δ(ω) ∈ (0, 1]
such that
|Kωh,z(ζ)| ≥
C
ω(S(z))
, for ζ ∈ S(zδ) and z ∈ D\{0},
where zδ := (1− δ(1− |z|))ei arg z.
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Proof. For z ∈ D\{0}, let zδ = (1− δ(1− |z|))ei arg z and ζ ∈ S(zδ). Then
|Kωh,z(zδ)−Kωh,z(ζ)| ≤ sup
ξ∈[zδ,ζ]
∣∣∣∣∂Kωh,z∂ξ (ξ)
∣∣∣∣|ζ − zδ|+ sup
ξ∈[zδ,ζ]
∣∣∣∣∂Kωh,z∂ξ¯ (ξ)
∣∣∣∣|ζ − zδ|
≤2δ(1− |z|) sup
ξ∈[zδ,ζ]
|∇Kωh,z(ξ)|
≤2
√
2δ(1− |z|)
[
(
∞∑
n=1
n|z|n
2ωn
)2 + (
∞∑
m=1
m|z|m
2ωm
)2
] 1
2
,(3.43)
where∇Kωh,z(ξ) is the complex vector (
∂Kωh,z
∂x
,
∂Kωh,z
∂y
) for ξ = (x, y) and ωn =
∫ 1
0
r2n+1ω(r)dr.
Let N = 2, p = 1 and r = |z| in formula (20) of [26]. We have
∞∑
n=2
(n + 1)|z|n
ωn
.
1
ω̂(z)(1− |z|)2 , z ∈ D.(3.44)
From Proposition 2.1, (3.43) and (3.44), we conclude that there exist positive constants
C1 and C2 which only depend on ω satisfying C2 ≤ 2C1 such that
|Kωh,z(zδ)−Kωh,z(ζ)| ≤
δC1
ω(S(z))
and
|Kωh,z(ζ)| ≥
C2
ω(S(
√|zδz|)) − |Kωh,z(zδ)−Kωh,z(ζ)|
≥ C2
ω(S(z))
− |Kωh,z(zδ)−Kωh,z(ζ)|, ζ ∈ D,(3.45)
where (3.45) is due to the triangle inequality and Proposition 3.1. We complete the proof
by choosing δ = C2
2C1
and C = C2
2
. 
Proposition 3.3. Let ω be regular. Then there exists r = r(ω) ∈ (0, 1) such that
|Kωh,z(ζ)| ≍ Kωh,z(z)
for all z ∈ D and ζ ∈ D(z, r).
Proof. From Lemma 8 of [29] and (3.42), there exists r = r(ω) ∈ (0, 1) sufficiently small
such that
|Kωh,z(ζ)| ≤ 2|Kωa,z(ζ)|+
1
ω(D)
. Kωa,z(z) ≤ Kωh,z(z), ζ ∈ D(z, r).
Conversely, there exists C = C(r) > 0 such that for any ζ ∈ D(z, r), we have
|ζ − z| ≤ rC(1− |z|)
and for r0 ∈ (0, 1), sup
0<r<r0<1
C(r) <∞. Therefore,
|Kωh,z(ζ)| ≥ Kωh,z(z)− max
ξ∈[z,ζ]
|∇Kωh,z(ξ)|rC(1− |z|).(3.46)
Note
max
ξ∈[z,ζ]
|∇Kωh,z(ξ)| = 2 max
ξ∈[z,ζ]
∣∣∣∣
∞∑
n=1
nξn−1zn
2ωn
∣∣∣∣ = 2 max
ξ∈[z,ζ]
|(Kωa,z)′(ξ)|.
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Combining with (3.46), we conclude that
|Kωh,z(ζ)| ≥ Kωh,z(z)− 2 max
ξ∈[z,ζ]
|(Kωa,z)′(ξ)|rC(1− |z|).(3.47)
From Proposition 4.4 in [41], the pseudohyperbolic disk D(z, r) is the Euclidean disk
B( 1−r
2
1−r2|z|2
z,
1−|z|2
1−r2|z|2
r). Let z0 =
1−r2
1−r2|z|2
z, s = 1−|z|
2
1−r2|z|2
r, t = 1
2
(1−r)(1−|z|)
1+r|z|
and Γ = ∂B(z0, s+
t). By (2.2), there exists a constant β > 0 which only depends on ω such that
ω̂(z) ≤ ( 1− |z|
1− |u|)
βω̂(u), u ∈ Γ.
Then
1
ω̂(u)(1− |u|) .
1
ω̂(z)(1 − |z|)(1− r)β+1 , u ∈ Γ.
From Theorem C in [29], Proposition 2.1 and the Cauchy-Schwarz inequality, we conclude
that for u ∈ Γ,
|Kωa,z(u)| .
[
1
ω̂(u)(1− |u|)
] 1
2
Kωa,z(z)
1
2 .
[
1
ω̂(z)(1 − |z|)(1− r)β+1
] 1
2
Kωa,z(z)
1
2 ≍ ( 1
1− r )
β+1
2 Kωa,z(z).
Thus for z ∈ D and ζ ∈ D(z, r), we have
max
ξ∈[z,ζ]
|(Kωa,z)′(ξ)| = max
ξ∈[z,ζ]
∣∣∣∣ 12pii
∫
Γ
Kωa,z(w)
(ξ − w)2dw
∣∣∣∣
.
(s+ t)
t2
max
w∈Γ
|Kωa,z(w)|
.
Kωa,z(z)
(1− r)β+72 (1− |z|)
.
It follows that there exists a constant C
′
= C
′
(ω) > 0 such that
max
ξ∈[z,ζ]
|(Kωa,z)′(ξ)| ≤ C
′ K
ω
a,z(z)
(1− r)β+72 (1− |z|)
.
By (3.47),
|Kωh,z(ζ)| ≥ Kωh,z(z)−
2rCC
′
(1− r)β+72
Kωa,z(z) ≥ Kωh,z(z)−
2rCC
′
(1− r)β+72
Kωh,z(z).
Take r small enough, we have
|Kωh,z(ζ)| & Kωh,z(z), ζ ∈ D(z, r).
Thus we complete the proof. 
For any locally integrable function f , the Hardy-Littlewood maximal function associated
with Carleson squares is
Mω(f)(z) = sup
I:z∈S(I)
1
ω(S(I))
∫
S(I)
|f(ζ)|ω(ζ)dA(ζ), z ∈ D.
Proposition 3.4. Let 0 < p < ∞ and ω be regular. Then there exists a constant C =
C(p, ω) > 0 such that for any harmonic function on D
|f(z)|p ≤ CMω(|f |p)(z).
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Proof. Let 0 < p < ∞, f ∈ h(D) and z ∈ D. Assume 3
4
≤ |z| < 1. We denote by l1
and l2 the rays from the origin to z and to the tangent point of the circle ∂B(z,
1−|z|
2
)
respectively. Let θ be the angle between l1 and l2 and z
∗ = 3|z|−1
2
ei arg z. Observe that
Iz∗ = {eit : |t− arg z∗| = |t− arg z| ≤ 1− |z
∗|
2
=
3(1− |z|)
4
}.
And for 3
4
≤ |z| < 1,
3(1− |z|)
4
≥ arcsin 1− |z|
2|z|
holds. Then we have
B(z,
1− |z|
2
) ⊆ S(z∗) = S(Iz∗).(3.48)
Besides, it is known that there exists C = C(p) > 0 (see [13] and Page 34 in [7]) such
that
|f(z)|p ≤ C(p)
(1− |z|)2
∫
B(z, 1−|z|
2
)
|f(ζ)|pdA(ζ).(3.49)
Let B1 = B(z,
1−|z|
2
) ∩ B(0, |z|) and B2 = B(z, 1−|z|2 )\B1. A simple discussion under the
two cases that ζ ∈ B1 and ζ ∈ B2, we conclude from (2.1) that there exists C2 = C2(ω) > 1
such that for any ζ ∈ B(z, 1−|z|
2
), it holds that
1
C2
ω(ζ) ≤ ω(z) ≤ C2ω(ζ).(3.50)
From (3.49) and (3.50), for any 0 < p <∞, we conclude that
ω(z)|f(z)|p . 1
(1− |z|)2
∫
B(z, 1−|z|
2
)
|f(ζ)|pω(ζ)dA(ζ).(3.51)
By Proposition 2.1, (3.48), (3.50) and (3.51), for the case when 3
4
≤ |z| < 1, it yields that
|f(z)|p . 1
ω(z)(1− |z|)2
∫
B(z, 1−|z|
2
)
|f(ζ)|pω(ζ)dA(ζ)
≤ 1
ω(z)(1− |z|)2
∫
S(z∗)
|f(ζ)|pω(ζ)dA(ζ)
≍ 1
ω(z∗)(1− |z∗|)2
∫
S(z∗)
|f(ζ)|pω(ζ)dA(ζ)
.Mω(|f |p)(z).
Now we prove the case when 0 ≤ |z| < 3
4
. If 0 < p < ∞, let r0 = 18 . Fix r˜ ∈ (0, 1) such
that B(z, r0) ⊆ B(0, r˜). By Proposition 2.1, for any ζ ∈ B(z, r0), we have ω(0) ≍ ω(ζ).
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Then from the property of subharmonicity in [13] and Page 34 of [7], we get
|f(z)|p . 1
A(B(z, r0))
∫
B(z,r0)
|f(ζ)|pdA(ζ)
≍ 1
A(B(z, r0))
∫
B(z,r0)
|f(ζ)|pω(ζ)dA(ζ) 1
ω(0)
.
1
ω(S(T))
∫
S(T)
|f(ζ)|pω(ζ)dA(ζ)
≤Mω(|f |p)(z).
This complete the proof. 
For 0 < p, q <∞, a positive Borel measure µ on D is said to be a q-Carleson measure
for Lph(ω) if there exists a constant C such that ‖f‖Lq(µ) ≤ C‖f‖Lp(ω), for any f ∈ Lph(ω).
Next, we give a geometric characterization of the q-Carleson measure for Lph(ω). The
condition is the same as the one ([24, Theorem 2.1]) for Lpa(ω). It follows that the q-
Carleson measure for Lpa(ω) or L
p
h(ω) does not depend on the reference function spaces.
Proposition 3.5. Let p > 0, t = q
p
∈ [1,+∞) and ω be regular. Then µ is a q-Carleson
measure for Lph(ω) if and only if
sup
I⊆T
µ(S(I))
ω(S(I))t
< +∞.
Proof. Necessity. If µ is a q-Carleson measure for Lph(ω), so is a q-Carleson measure for
Lpa(ω). By Theorem 2.1 in [24], we have
sup
I⊆T
µ(S(I))
ω(S(I))t
< +∞.
Sufficiency. Take s ∈ (0,∞). For any ϕ ∈ L1(ω), let
Es = {z ∈ D :Mω(ϕ)(z) > s}.
Then there exists a constant K = K(t, ω) ≥ 1 such that
µ(Es) ≤ Ks−t‖ϕ‖tL1(ω).(3.52)
Let α > 1
p
, f ∈ Lph(ω) and ψ 1α ,s(z) = |f(z)|
1
αχ
{|f |
1
α> s
2K
}
(z). By Proposition 3.4 and (3.52),
we have
‖f‖q
Lq(µ) .
∫
D
(Mω(|f | 1α )(z))qαdµ(z)
≤qα
∫ ∞
0
sqα−1
∫
D
χ{z∈D:Mω(ψ 1
α ,s
)(z)> s
2
}dµ(z)ds
.
∫ ∞
0
sqα−1−t
(∫
{z∈D:|f(z)|
1
α> s
2K
}
|f(z)| 1αω(z)dA(z)
)t
ds
.‖f‖q
L
p
h(ω)
.
It follows that µ is a q-Carleson measure for Lph(ω), and we complete the proof. 
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Remark 3.1. Let p > 0, t = q
p
∈ [1,+∞) and ω be regular. If µ is a q-Carleson measure
for Lph(ω), then
‖Id‖q
L
p
h(ω)→L
q(µ)
≍ sup
I⊆T
µ(S(I))
ω(S(I))t
.
It is not hard to see that the identity operator Id : Lph(ω)→ Lq(µ) is compact if and only
if lim
|I|→0
µ(S(I))
ω(S(I))t
= 0.
Let Γ(z) = {ξ ∈ D : |θ − arg ξ| < 1
2
(1 − |ξ|
r
)}, z = reiθ ∈ D\{0} be the non-tangential
approach regions and T (ζ) = {z ∈ D : ζ ∈ Γ(z)} for all ζ ∈ D\{0} be the related tents.
Define the non-tangential maximal function of f by
N(f)(z) = sup
ζ∈Γ(z)
|f(ζ)|, z ∈ D\{0}.
Proposition 3.6. Let 1 < p <∞ and ω be a radial weight. Then there exists a constant
C > 0 such that for any harmonic function f on D
‖f‖Lph(ω) ≍ ‖N(f)‖Lp(ω).
Proof. First for eiθ ∈ T and α > 1, recall the Stolz non-tangential approach region of
aperture α, denoted by Γα(e
iθ), is defined as follows,
Γα(e
iθ) = {z ∈ D : |z − eiθ| < α(1− |z|
2)
2
}.
For each eiθ ∈ T, there exists α > 1 such that Γ(eiθ) ⊆ Γα(eiθ). For any harmonic function
f on D, let f ∗(eiθ) = sup
z∈Γ(eiθ)
|f(z)| and fr(eiθ) = f(reiθ), where r ∈ (0, 1) and θ ∈ [0, 2pi].
From Theorem 2.5.2 in [12], we deduce
‖f‖p
L
p
h(ω)
≤
∫
D
( sup
z∈Γ(ζ)
|f(z)|)pω(ζ)dA(ζ) =
∫ 1
0
∫ 2pi
0
|(fr)∗(eiθ)|pdθω(r)rdr
pi
.
∫ 1
0
∫ 2pi
0
|f(reiθ)|pdθω(r)rdr
pi
= ‖f‖p
L
p
h(ω)
.

Let ν be a locally finite Borel measure on D and ω be regular. For 0 < q, s < ∞,
the tent space T qs (ν, ω) consists of ν-equivalence classes of ν-measurable functions f on D
such that
‖f‖q
T
q
s (ν,ω)
=
∫
D
(∫
Γ(ζ)
|f(z)|sdν(z)
) q
s
ω(ζ)dA(ζ) <∞,
and if ν =
∑
j
δzj , where {zj} is a separated sequence, then we write T qs (ν, ω) = T qs ({zj}, ω).
For any positive Borel measure µ, we define a function Bωµ on D \ {0}
Bωµ (z) =
∫
Γ(z)
dµ(ζ)
ω(T (ζ))
,
and a function Ψωµ,λ on D for some positive number λ
Ψωµ,λ(z) =
∫
D
(
1− |ζ |
|1− z¯ζ |
)λ
dµ(ζ)
ω(T (ζ))
.
20 YONGJIANG DUAN, KUNYU GUO, SIYU WANG, AND ZIPENG WANG
Proposition 3.7. Let ω be regular, 1 < q < p <∞ and t = p
p−q
. Then µ is a q-Carleson
measure for Lph(ω) if and only if B
ω
µ ∈ Lt(ω) if and only if there exists λ = λ(ω) > 1 such
that Ψωµ,λ ∈ Lt(ω).
Proof. Assume Bωµ ∈ Lt(ω) and f ∈ Lph(ω). From Proposition 3.6, Fubini’s theorem and
Ho¨lder’s inequality, we have
‖f‖q
Lq(µ) =
∫
D
|f(ζ)|qω(T (ζ))
ω(T (ζ))
dµ(ζ) + |f(0)|qµ({0})
=
∫
D
(∫
Γ(z)
|f(ζ)|q dµ(ζ)
ω(T (ζ))
)
ω(z)dA(z) + |f(0)|qµ({0})
≤
∫
D
N(f)q(z)
(∫
Γ(z)
dµ(ζ)
ω(T (ζ))
)
ω(z)dA(z) + |f(0)|qµ({0})
≤
[ ∫
D
(N(f)q(z))
p
qω(z)dA(z)
] q
p
[ ∫
D
|Bωµ (z)|tω(z)dA(z)
] 1
t
+ |f(0)|qµ({0})
.‖N(f)‖q
Lp(ω)‖Bωµ‖Lt(ω) + ‖f‖qLph(ω)µ({0})
≍
(
‖Bωµ‖Lt(ω) + µ({0})
)
‖f‖q
L
p
h(ω)
.
It follows that
‖Id‖q
L
p
h(ω)→L
q(µ)
. ‖Bωµ‖Lt(ω) + µ({0}).
Hence, µ is a q-Carleson measure for Lph(ω). Moreover, from Lemma 4 in [25], we have
‖Ψωµ,λ‖Lt(ω) ≍ ‖Bωµ‖Lt(ω) + µ({0}).
Next, we are going to show
‖Ψωµ,λ‖Lt(ω) . ‖Id‖qLph(ω)→Lq(µ).
Let g(u) = µ(D(u,r))
ω(T (u))
where r ∈ (0, 1) and dh(z) = dA(z)
(1−|z|2)2
. From Lemma 4 in [25], it
follows that
‖Ψωµ,λ‖tLt(ω) ≍ ‖g‖tT t1(h,ω) + µ({0}).
Moreover, using Lemma 7 in [25], it yields that
‖g‖T t1(h,ω) ≍ ‖C11,h(g)‖Lt(ω),
where C11,h(g)(ζ) = sup
u∈Γ(ζ)
1
ω(T (u))
∫
T (u)
|f(z)|ω(T (z))dh(z). We notice that there exists
ρ = ρ(r) ∈ (0, 1) such that {u ∈ D : T (ξ)∩D(u, r) 6= ∅} ⊆ T (ξ′), where arg ξ′ = arg ξ and
1−|ξ′| ≍ 1−|ξ| for all ξ ∈ D\D(0, ρ). Applying Fubini’s theorem again, for ξ ∈ D\D(0, ρ)
and ζ ∈ D\{0}, we have
C11,h(g)(ζ) = sup
ζ∈T (ξ)
1
ω(T (ξ))
∫
D
(
∫
T (ξ)∩D(u,r)
dh(z))dµ(u)
= sup
ζ∈T (ξ)
1
ω(T (ξ))
∫
T (ξ′)
(
∫
T (ξ)∩D(u,r)
dh(z))dµ(u)
. sup
ζ∈S(ξ)
µ(S(ξ))
ω(S(ξ))
:=Mω(µ)(ζ).
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Consequently, we get
‖Ψωµ,λ‖Lt(ω) ≍ ‖g‖T t1(h,ω) + µ({0}) ≍ ‖C11,h(g)‖Lt(ω) + µ({0}) . ‖Mω(µ)‖Lt(ω).
Next we continue to prove ‖Mω(µ)‖Lt(ω) . ‖Id‖qLph(ω)→Lq(µ). This may be classical for the
harmonic analysis world, we include an argument as follows for the sake of completeness.
Given an integer n ≥ 2, let I0n be a dyadic partition of the unit circle T such that 1 is
an endpoint for some I ∈ I0n, i.e., I0n = {eiθ : pik2n ≤ θ ≤ pi(k+1)2n }, k = 0, 1, 2, · · · , 2n − 1.
For any I ∈ I0n, we have |I| = 12n . We denote D0 by the standard dyadic system over T,
that is,
D0 =
⋃
n≥2
I0n.
We denote D 13 by the shifted dyadic system
D 13 =
⋃
n≥2
I
1
3
n ,
where I
1
3
n = ei
2pi
3 · I0n. Here ei
2pi
3 · I0n is a dyadic partition of the unit circle T such that
ei
2pi
3 is an endpoint for some I ∈ ei 2pi3 · I0n and for any I ∈ ei
2pi
3 · I0n we have |I| = 12n .
Given an interval I ⊆ T with |I| ≤ 1, let a be the midpoint of I and ζ = (1 − |I|)a.
Denote TI = T (ζ). For each Dβ, β ∈ {0, 13}, it induces a dyadic tent system
T β =
⋃
n≥2
{TI : I ∈ Iβn}.
Then we define the dyadic maximal functions on the unit disk by
M˜dω,β(µ)(z) = max{ sup
z∈TI∈T β
µ(TI)
ω(TI)
,
µ(D)
ω(D)
}, z ∈ D
and
M˜dω(µ)(z) = M˜
d
ω,0(µ)(z) + M˜
d
ω, 1
3
(µ)(z), z ∈ D.
It is well known (cf.[8]) that
Mω(µ)(z) ≍ M˜dω(µ)(z), z ∈ D.
Now let {zk} be a separated sequence. For z ∈ D, define
Sλ(f)(z) =
∑
k
f(zk)
(
1− |zk|
1− z¯kz
)λ
.
By Lemma 6 in [25], for sufficiently large λ, the linear operator Sλ : T
p
2 ({zk}, ω)→ Lpa(ω)
is bounded. Let {bk} = {f(zk)}. It follows that∫
D
∣∣∑
k
bk
(1− |zk|
1− z¯kz
)λ∣∣qdµ(z) = ‖(Id◦Sλ)(f)‖qLq(µ) . ‖Id‖qLph(ω)→Lq(µ)‖Sλ‖q‖{bk}‖qT p2 ({zk},ω).
Recall that the Rademacher functions rk are defined by r0(s) = 1 when 0 ≤ s− [s] < 12 ,
r0(s) = −1 when 12 ≤ s− [s] < 1 and rn(s) = r0(2ns) when n > 0. Replace bk by bkrk(s)
where rk be the k-th Rademacher function and integrate both sides of the inequality from
22 YONGJIANG DUAN, KUNYU GUO, SIYU WANG, AND ZIPENG WANG
0 to 1 with respect to s, together with Khinchine’s inequality and Lemma 2.4 in [24], we
have
‖Id‖q
L
p
h(ω)→L
q(µ)
‖Sλ‖q‖{bk}‖qT p2 ({zk},ω) &
∫
D
∫ 1
0
∣∣∑
k
bkrk(s)
(1− |zk|
1− z¯kz
)λ∣∣qdsdµ(z)
&
∫
D
[∑
k
∣∣bk(1− |zk|
1− z¯kz
)λ∣∣2] q2dµ(z)
&
∫
D
(∑
k
|bk|2χT (zk)(z)
) q
2dµ(z).(3.53)
Fix β ∈ {0, 1
3
} and for each k ∈ Z, consider the stopping condition M˜dω,β(µ)(z) > 2k.
Let Ek be the maximal (with respect to the set inclusion) collection of dyadic tents and
Ek = ∪TI∈EkTI . By its definition, 2k < M˜dω,β(µ)(z) ≤ 2k+1 for z ∈ Ek\Ek+1.
For each TI ∈ Ek, let TˆI be the union set of the maximal tents in El : l > k which is
strictly contained in TI . Let G(TI) = TI \ TˆI . Then G(TI)∩G(TJ) = ∅ for any TI ∩TJ = ∅
and ∑
k∈Z
∑
TI∈Ek
|bTI |qχG(TI )(z) =
(∑
k∈Z
∑
TI∈Ek
|bTI |2χG(TI )(z)
) q
2 ≤ (∑
k∈Z
∑
TI∈Ek
|bTI |2χTI (z)
) q
2 ,(3.54)
where {bTI : TI ∈ Ek, k ∈ Z} is a number sequence. Let bqTI = 2k(t−1) for TI ∈ Ek.
Therefore,
‖M˜dω,β(µ)‖tLt(ω) .
∑
k∈Z
∑
TI∈Ek
b
q
TI
(
µ(TI)−
∑
TJ∈TˆI
µ(TJ)
)
.(3.55)
Combining (3.53) with (3.54), we deduce
∑
k∈Z
∑
TI∈Ek
b
q
TI
(
µ(TI)−
∑
TJ∈TˆI
µ(TJ)
)
. ‖Id‖q
L
p
h(ω)→L
q(µ)
[ ∫
D
(∑
k∈Z
∑
TI∈Ek
|bTI |2χTI (z)
) p
2ω(z)dA(z)
] q
p
.
(3.56)
Let η = 2
2t
p . It yields that∫
D
(∑
k∈Z
∑
TI∈Ek
|bTI |2χTI (z)
) p
2
ω(z)dA(z) =
∫
D
(∑
k∈Z
∑
TI∈Ek
ηkχTI (z)
) p
2
ω(z)dA(z)
≍
∫
D
[∑
k
ηk(χEk(z)− χEk+1(z))
] p
2
ω(z)dA(z)
≍
∑
k
∫
Ek\Ek+1
(M˜dω,β(µ)(z))
tω(z)dA(z)
=‖M˜dω,β(µ)‖tLt(ω).(3.57)
From (3.55), (3.56) and (3.57), we have
‖M˜dω,β(µ)‖Lt(ω) . ‖Id‖qLph(ω)→Lq(µ).
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Moreover,
‖Mω(µ)‖Lt(ω) ≍ ‖M˜dω(µ)‖Lt(ω) ≤ ‖M˜dω,0(µ)‖Lt(ω) + ‖M˜dω, 1
3
(µ)‖Lt(ω) . ‖Id‖qLph(ω)→Lq(µ).
This completes the proof. 
Let
kωh,p,z(ζ) =
Kωh,z(ζ)
‖Kωh,z‖Lph(ω)
, ζ ∈ D.
Based on the proof of Proposition 14 in [29], by Proposition 2.1, Proposition 3.1, the
duality of Lph(ω) for 1 < p <∞ and the property of subharmonicity, we get the following
result.
Proposition 3.8. Let 1 < p < ∞ and ω be regular. Assume {zj}∞j=1 ⊆ D\{0} be a
separated sequence. Then
∞∑
j=1
cjk
ω
h,p,zj
∈ Lph(ω) with ‖
∞∑
j=1
cjk
ω
h,p,zj
‖Lph(ω) . ‖{cj}∞j=1‖lp for
all {cj}∞j=1 ∈ lp.
4. Toeplitz operators between Lph(ω) and L
q
h(ω)
Theorem 1.3 follows from Theorem 4.1 and Theorem 4.2.
4.1. Boundedness of T hµ,ω when 1 < p ≤ q < ∞. The goal of this section is to prove
Theorem 1.3 for 1 < p ≤ q < ∞. Let q′ be the conjugate exponent for 1 < q < ∞, i.e.,
q−1 + q′−1 = 1.
Theorem 4.1. Let ω be regular, 1 < p ≤ q <∞ and t = q−p
pq
. Then the Toeplitz operator
T hµ,ω : L
p
h(ω)→ Lqh(ω) is bounded if and only if sup
z∈D
T˜hµ,ω(z)
ω(z)t(1−|z|)2t
<∞.
Proof. Necessity. Assume T hµ,ω : L
p
h(ω) → Lqh(ω) is bounded. By Ho¨lder’s inequality,
Proposition 2.1 and Proposition 3.1, for any z ∈ D, we have
T˜ hµ,ω(z)
ω(z)t(1− |z|)2t ≍
〈T hµ,ω(kωh,z), kωh,z〉L2h(ω)
ω(S(z))t
≤
‖T hµ,ω(kωh,z)‖Lqh(ω)‖kωh,z‖Lq′h (ω)
ω(S(z))t
≤‖T hµ,ω‖Lph(ω)→Lqh(ω)
‖Kωh,z‖Lph(ω)‖Kωh,z‖Lq′h (ω)
‖Kωh,z‖2L2h(ω)ω(S(z))
t
≍‖T hµ,ω‖Lph(ω)→Lqh(ω).
We divide the sufficiency part into two steps.
Step 1. Let δ be the constant in Proposition 3.2. By Proposition 2.1, Proposition 3.2
and T˜ hµ,ω(z) ≍ ω(S(z))‖Kωh,z‖2L2(µ), there exists a positive constant C such that for any
z ∈ D\{0}
(4.58) C ≥ T˜
h
µ,ω(z)
ω(S(z))t
&
µ(S(zδ))
ω(S(z))t+1
,
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where zδ = (1− δ(1− |z|))ei arg z. By (2.2), we have
ω(S(z)) . ω(S(zδ)), z ∈ D\{0}.(4.59)
Combining (4.58) with (4.59), we have
sup
|I|<δ
µ(S(I))
ω(S(I))t+1
= sup
|z|>1−δ
µ(S(z))
ω(S(z))t+1
≤ sup
z∈D\{0}
µ(S(zδ))
ω(S(zδ))t+1
. sup
z∈D\{0}
µ(S(zδ))
ω(S(z))t+1
<∞,
(4.60)
where the first inequality in (4.60) is due to the fact for any |z| > 1 − δ if z′ = (1 −
(1−|z|
δ
))ei arg z, then S(z) = S(z′δ). Moreover, we have
sup
|I|≥δ
µ(S(I))
ω(S(I))t+1
≤ µ(D)
ω(S(1− δ))t+1 <∞.(4.61)
Combining (4.60) with (4.61), we get
sup
I⊆T
µ(S(I))
ω(S(I))t+1
<∞.
It follows from Proposition 3.5 that µ is a s(t+ 1)-Carleson measure for Lsh(ω), for some
(equivalently for all) s ∈ (0,∞). Then we know µ is a 1-Carleson measure for L
1
t+1
h (ω).
Step 2. Let Qh be the set of harmonic polynomials on D. Observe that for any
f, g ∈ Qh, we have
|〈T hµ,ω(f), g〉L2h(ω)| =|〈f, g〉L2(µ)|
≤
∫
D
|f(z)g(z)|dµ(z)
.
(∫
D
|f(z)g(z)| 1t+1ω(z)dA(z)
)t+1
≤‖f‖Lph(ω)‖g‖Lq′h (ω).
By the standard density arguments, we have
|〈T hµ,ω(f), g〉L2h(ω)| . ‖f‖Lph(ω)‖g‖Lq′h (ω),
for any f ∈ Lph(ω) and g ∈ Lq
′
h (ω). By Theorem 5 in [26], the Bergman projection is
bounded on Lq(ω) for each regular weight ω and 1 < q < +∞. Together with (3.42),
we have the harmonic Bergman projection is bounded on Lq(ω), and (Lqh(ω))
∗ ≃ Lq′h (ω)
in the usual sense. Therefore, T hµ,ω : L
p
h(ω) → Lqh(ω) is bounded. This completes the
proof. 
4.2. Boundedness of T hµ,ω when 1 < q < p < ∞. In this section, we prove Theorem
1.3 for 1 < q < p <∞. Precisely, we have
Theorem 4.2. Let ω be regular, 1 < q < p < ∞ and t = pq+p−q
pq
. Then T hµ,ω : L
p
h(ω) →
L
q
h(ω) is bounded if and only if µ̂r ∈ L
1
t−1 (ω), where µ̂r(z) =
µ(D(z,r))
ω(D(z,r))
and 0 < r < 1.
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Proof. Sufficiency. Assume µ̂r ∈ L 1t−1 (ω). We will first show that µ is a p(2− t)-Carleson
measure for Lph(ω). Indeed, for ω is regular and f ∈ Lph(ω), by Proposition 2.1, the
subharmonicity of |f |p(2−t), Fubini’s theorem and Ho¨lder’s inequality, we have∫
D
|f(z)|p(2−t)dµ(z) .
∫
D
(
1
(1− |z|)2
∫
B(z,r(1−|z|))
|f(ζ)|p(2−t)dA(ζ)
)
dµ(z)
.
∫
D
(∫
D(z,r)
|f(ζ)|p(2−t) ω(ζ)
ω(D(z, r))
dA(ζ)
)
dµ(z)
≍
∫
D
µ̂r(ζ)|f(ζ)|p(2−t)ω(ζ)dA(ζ)
≤‖f‖p(2−t)
L
p
h(ω)
‖µ̂r‖
L
1
t−1 (ω)
.
By Proposition 3.7, µ is also a q′(2 − t)−Carleson measure for Lq′h (ω). Together with
Ho¨lder’s inequality, for any f, g ∈ Qh, we have
|〈T hµ,ω(f), g〉L2h(ω)| ≤ ‖f‖Lp(2−t)(µ)‖g‖Lq′(2−t)(µ) . ‖f‖Lph(ω)‖g‖Lq′h (ω).
By the standard density arguments and the duality of Lqh(ω), T
h
µ,ω : L
p
h(ω) → Lqh(ω) is
bounded.
Necessity. Assume T hµ,ω : L
p
h(ω) → Lqh(ω) is bounded. Let c = {cj}∞j=1 ∈ lp and
{ξj}∞j=1 ⊆ D\{0} be a separated sequence. Then by Proposition 3.8, we have
‖T hµ,ω(
∞∑
j=1
cjk
ω
h,p,ξj
)‖q
L
q
h(ω)
. ‖T hµ,ω‖qLph(ω)→Lqh(ω)‖c‖
q
lp.
By replacing cj with cjrj(u) where rj be the j-th Rademacher function and integrating
both sides of the inequality from 0 to 1 with respect to u, notice that |rj(u)| = 1, together
with Khinchine’s inequality, we get
‖T hµ,ω‖qLph(ω)→Lqh(ω)‖c‖
q
lp &
∫ 1
0
∫
D
∣∣T hµ,ω( ∞∑
j=1
cjrj(u)k
ω
h,p,ξj
)(z)
∣∣qω(z)dA(z)du
&
∫
D
(
∞∑
j=1
|cjT hµ,ω(kωh,p,ξj)(z)|2)
q
2ω(z)dA(z).(4.62)
Now we show that for s ∈ (0, 1), it holds that
max{N1− q2 , 1}
∫
D
(
∞∑
j=1
|cjT hµ,ω(kωh,p,ξj)(z)|2)
q
2ω(z)dA(z) ≥
∞∑
j=1
|cj|q
∫
D(ξj ,s)
|T hµ,ω(kωh,p,ξj)(z)|qω(z)dA(z).
(4.63)
We give the proof of (4.63) in the two cases 1 < q < 2 and 2 ≤ q <∞ respectively. First,
(4.63) follows directly from Theorem 3.3 in [41] when 2 ≤ q < ∞. Second, we deal with
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the case 1 < q < 2. By Ho¨lder’s inequality, we have
∞∑
j=1
|cj|q
∫
D(ξj ,s)
|T hµ,ω(kωh,p,ξj)(z)|qω(z)dA(z) =
∫
D
( ∞∑
j=1
|cj |q|T hµ,ω(kωh,p,ξj)(z)|qχD(ξj ,s)(z)
)
ω(z)dA(z)
≤
∫
D
( ∞∑
j=1
|cj |2|T hµ,ω(kωh,p,ξj)(z)|2χD(ξj ,s)(z)
) q
2
·
( ∞∑
j=1
χD(ξj ,s)(z)
)1− q
2
ω(z)dA(z)
≤N1− q2
∫
D
( ∞∑
j=1
|cjT hµ,ω(kωh,p,ξj)(z)|2
) q
2
ω(z)dA(z).
Thus, (4.63) holds for 1 < q <∞. Let r ∈ (0, 1) and r(ω) be the constant used in Propo-
sition 3.3 such that r(ω) ∈ (0, 1 − r). By Proposition 2.1, Proposition 3.1, Proposition
3.3 and the property of subharmonicity, we deduce∫
D(ξj ,s)
|T hµ,ω(kωh,p,ξj)(z)|qω(z)dA(z) &
ω(D(ξj, s))
‖Kωh,ξj‖qLph(ω)
(∫
D
|Kωh,ξj(ζ)|2dµ(ζ)
)q
&
ω(D(ξj, s))
‖Kωh,ξj‖qLph(ω)
(µ(D(ξj, s)))
q(Kωh,ξj(ξj))
2q
≍
(
µ(D(ξj, s))
ω(D(ξj, s))2−t
)q
, 0 < s ≤ r(ω).(4.64)
Combining (4.62), (4.63) with (4.64), we have
‖T hµ,ω‖qLph(ω)→Lqh(ω)‖c‖
q
lp &
∞∑
j=1
|cj|q
(
µ(D(ξj, s))
ω(D(ξj, s))2−t
)q
, 0 < s ≤ r(ω).(4.65)
Now we consider the case when r(ω) < s < 1. Let
{zj}∞j=1 ⊆ D\{0}
be a δ-lattice with 5δ < min{r(ω), 1 − s}. From Lemma 4.6 in [41], for each zj , we can
take appropriate N = N(δ, s) points zk,j of the δ-lattice {zj}∞j=1 such that
D(zj , s) ⊆
N⋃
k=1
D(zk,j, 5δ) ⊆
N⋃
k=1
D(zk,j, r(ω)).
From (4.65), we deduce
‖T hµ,ω‖qLph(ω)→Lqh(ω)‖c‖
q
lp &
N∑
k=1
∞∑
j=1
|cj|q
(
µ(D(zk,j, r(ω)))
ω(D(zk,j, r(ω)))2−t
)q
.(4.66)
Moreover, since ω is regular, for r(ω) < s < 1, it holds that
∞∑
j=1
|cj|q
(
µ(D(zj, s))
ω(D(zj, s))2−t
)q
.
N∑
k=1
∞∑
j=1
|cj|q
(
µ(D(zk,j, r(ω)))
ω(D(zk,j, r(ω)))2−t
)q
.(4.67)
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Then from (4.66) and (4.67), for r(ω) < s < 1, we conclude that
‖T hµ,ω‖qLph(ω)→Lqh(ω)‖c‖
q
lp &
∞∑
j=1
|cj|q
(
µ(D(zj , s))
ω(D(zj, s))2−t
)q
.
Consequently, we know that (4.65) is valid for any s ∈ (0, 1) and any δ-lattice {zj}∞j=1 ⊆
D\{0} with 5δ < min{r(ω), 1− s}. Moreover, since (l pq )∗ ≃ l pp−q , we have
∞∑
j=1
(µ̂s(zj))
1
t−1ω(D(zj, s)) .‖T hµ,ω‖
1
t−1
L
p
h(ω)→L
q
h(ω)
.(4.68)
Finally, take appropriate ρ = ρ(r, δ) ∈ (0, 1) such that D(z, r) ⊆ D(zj, ρ) for all z ∈
D(zj , 5δ) and j ∈ N. Then from Proposition 2.1 and (4.68), we get
‖µ̂r‖
1
t−1
L
1
t−1 (ω)
.
∞∑
j=1
1
ω(zj)
1
t−1 (1− |zj |) 2t−1
∫
D(zj ,5δ)
µ(D(z, r))
1
t−1ω(z)dA(z)
.
∞∑
j=1
µ(D(zj, ρ))
1
t−1
ω(zj)
1
t−1
−1(1− |zj |)
2
t−1−2
≍
∞∑
j=1
(
µ(D(zj, ρ))
ω(D(zj, ρ))2−t
) 1
t−1
.‖T hµ,ω‖
1
t−1
L
p
h(ω)→L
q
h(ω)
.
Hence, for 0 < r < 1, we have ‖µ̂r‖
L
1
t−1 (ω)
. ‖T hµ,ω‖Lph(ω)→Lqh(ω) which completes the
proof. 
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